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Abstract 

In this work, we discuss the relativistic Landau-He-McKellar-Wilkens quantization and rela- 
tivistic bound states solutions for a Dirac neutral particle under the influence of a Coulomb-like 



> . potential induced by .l>e Lorentz symmetry breaking effects. We present new possible scenarios 

cn 

00 

^D ■ of Lorentz symmetry is that the gauge symmetry should be preserved. 

m 



of studying Lorentz symmetry breaking effects by fixing the space-like vector fleld background in 
special configurations. It is worth mentioning that we use the criterion for studying the violation 
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I. INTRODUCTION 

One of the most known quantum system in the hterature arises from the interaction be- 
tween a charged particle and a uniform magnetic field yielding discrete energy levels. These 
discrete energy levels corresponds to the quantization of a charged particle in cyclotron orbits 
which is called the Landau quantization [l|, l2| . In recent decades, the Landau quantization 
has been investigated in studies of Bose-Einstein condensate [Sj], quantum Hall effect j^, 



m - - - ^ 



linear topological defects [5|, l6| and for neutral particles J7H9|]. The Landau quantization was 
also extended to studies of relativistic quantum mechanics by Rabi [10|, Berestetskii et al. 



ll| . Jackiw [l2y and Balatsky et al. [13(]. The interest in the relativistic Landau quantiza- 
;ion has attracted discussions about spin nematic state |lj], the finite-temperature problem 

n recent years, the relativistic Landau quantization has 
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and it has been discussed, in a noninertial reference 



and quantum Hall effect |16|. 
been extended to neutral particles ^j^j, ^^^^ .^ ^.^^ ^^^.. ^.^^^^^^^, .^. 

frame [l8| and in the Lorentz symmetry violation background [l9|. In Dirac-like systems, 
;he Landau quantization has been investigated under the influence of topological defects in 

The aim of this work is to investigate the relativistic Landau-He-McKellar-Wilkens quan- 
tization and bound states solutions for a Dirac neutral particle under the influence of a 
Coulomb-like potential induced by the Lorentz symmetry breaking effects. A fundamental 
guide in the study of any theory is the symmetry because it deals with conservation laws. For 
instance, the Lorentz and CPT symmetries have a supreme importance in Quantum Field 
Theory since the the Standard Model for Particle Physics is based on both of them. Another 
point of view involving symmetries in physical systems corresponds to the symmetry break- 
ing. In nonrelativistic quantum systems, well-known quantum effects related to symmetry 
breaking are phase transitions in ferromagnetic systems, where the rotation symmetry is 
broken when the system is under the influence of a magnetic field. The study of symmetry 
breaking can also be extended to relativistic systems by considering a background given by a 
4- vector field that breaks the symmetry SO (1, 3) instead of the symmetry SO (3). This line 
of research is known in the literature as the spontaneous violation of the Lorentz symmetry 
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23|. 



Kostelecky and Samuel J2lj were the first authors to suggest the study of this new pos- 



sibility of spontaneous violation by observing the spontaneous violation of symmetry by a 



scalar field could be extended in the string field theory. As a result of this spontaneous viola- 
tion we have a "four- vector" background that, in fact, behaves as four scalar components by 
a Lorentz transformation. These components are Lorentz invariants, and do not transform 
by active Lorentz transformations. However, this behaviour is not covariant, therefore the 



Lorentz symmetry is violated in this sense 2J]. Furthermore, in the electroweak theory, a 



scalar field acquires a nonzero vacuum expectation value which yields mass to gauge bosons 
(the Higgs Mechanism) . Recently, theories involving spontaneous violation of symmetry are 
encompassed in the framework of the Standard Model Extension 3l| as a possible extension 
of the minimal Standard Model of the fundamental interactions. As example, the violation 
of the Lorentz symmetry is implemented in the fermion section of the Standard Model Ex- 
tension by two CPT-odd terms: v^ip'j^ip and b^ip'j^'j^ip, where v^ and 6^ correspond to the 
Lorentz-violating backgrounds. An interesting discussion made in Ref. [25| deals with the 
bf^ field as a constant torsion field. From this perspective, it is estimated the fermion-torsion 



interaction is under the limit of 



< 10 Gev. Other aspects of the Standard Model 



xtension that have been examined in recent years are supersymmetrv 



26| . Casimir effect 
27(1, radiative corrections J28|, vacuum Cherenkov radiation emission 29|], and anisotropies 



of the Cosmic Microwave Background Radiation 30|. 

In recent years, neutrino oscillations have established a real necessity of discussing physics 
beyond the Standard Model. Although the Standard Model is believed to be a low-energy 
effective theory from a unified description of gravity and quantum physics at the Planck 
scale, a spontaneous violation of the Lorentz symmetry can occurs beyond the electroweak 
scale. Thereby, a theory of quantum gravity necessarily must include such violation effects, 
then, one can analyse neutral fermions in a general eoordinate system m order to mvesfgate 
the influence of the Lorentz violation background on a moving neutrino [32] . Therefore, we 
propose the study of Lorentz symmetry breaking effects through a classical background such 
as v^ip'-^^ip and 6^'?/'757^'?/' ^is a mean field theory, hence it does not have the commitment 
to explain the microscopic mechanism. This behaviour is quite unusual because it is due 
to a vacuum contribution, i. e., a neutral particle feels such coupling in presence of this 
environment as a groundstate of a fundamental theory. This line of research proposes, as 



evidence, different scenarios in which the spontaneously Violation of Lorentz symmetry 33] 
could occur. 

Other studies of symmetry breaking were done by modifying the Dirac theory [34|. Nowa- 



days, there exists a great deal of works looking at Lorentz violation, and numerous experi- 



mental bounds 



In the nonrelativistic limit of the modified Dirac theory, the spectrum 



of energy of the hydrogen atom was discussed in [33| . By introducing nonminimal couplings 
into the Dirac equation in order to describe new possible scenarios of the Lorentz symme- 
try violation background, geometri c q uantum phases 



35H37l| have been studied based on 



Lorentz symmetry breaking effects [38H44| in recent years. 

In this paper, we study the relativistic Landau-He-McKellar-Wilkens quantization and 
bound states solutions for a Dirac neutral particle under the influence of a Coulomb-like 
potential induced by the Lorentz symmetry breaking effects. We present two possible sce- 
narios of studying Lorentz symmetry breaking effects: the first relativistic scenario is based 
on the assumption of a fixed space-like vector field background parallel to the z axis of the 
spacetime and a radial magnetic field produced by a magnetic charge density; the second 
relativistic scenario is based on the assumption of a fixed space-like vector field background 
parallel to the radial direction and a uniform magnetic field on the z direction. It is worth 
mentioning that we use the criterion for studying the violation of Lorentz symmetry is that 
the gauge symmetry should be preserved. 

This paper is organized as follows: in section II, we present the Lorentz symmetry vio- 
lation background and discuss the way of achieving the relativistic Landau-He-McKellar- 
Wilkens quantization induced by Lorentz symmetry breaking effects; in section III, we 
present another background of the Lorentz symmetry violation and obtain bound state 
solutions for the Dirac equation from the influence of a Coulomb-like potential induced by 
the Lorentz symmetry breaking effects; in section IV, we present our conclusions. 

II. RELATIVISTIC LANDAU-HE-MCKELLAR-WILKENS QUANTIZATION IN- 
DUCED BY LORENTZ SYMMETRY BREAKING EFFECTS 

In this section, we discuss the relativistic Landau-He-McKellar-Wilkens quantization in- 
duced by a Lorentz symmetry violation background. The relativistic Landau-He-McKellar- 
Wilkens quantization was proposed in [17] by employing the duality transformation on the 
relativistic Landau- Aharonov-Casher system. Based on this study, the relativistic Landau- 
He-McKellar- Wilkens can be achieved by imposing that the field configuration that interacts 
with a neutral particle satisfies the electrostatic conditions, produces no torque on the elec- 



trie dipole moment, and yields the presence of an effective uniform magnetic field given 
by Bcs = V X (n X B) (with n being the direction of the permanent electric dipole mo- 
ment of the neutral particle). Recently, the relativistic Landau-He-McKellar-Wilkens has 



been studied in a noninertial reference frame 



In the following, we present the Lorentz 



symmetry violation background which allows us to obtain the analogue of the relativistic 
Landau- He-McKellar-Wilkens quantization. 

We start by introducing the Lorentz symmetry violation background. Recently, we have 
proposed the study of the He-McKellar-Wikens effect 45 1 and the scalar Aharonov-Bohm 

nn 

effect [36|, |37[ based on Lorentz symmetry breaking effects by modifying the nonminimal 
coupling proposed in 
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39( 1 and writing it in the form: 



t7''d^->t^^d^-gb^'F^,ix)Y 



(1) 



where g is a. constant, b^ corresponds to a fixed 4- vector that acts as a vector field breaking 
the Lorentz symmetry violation, the tensor F^^ (x) corresponds to the usual electromagnetic 
tensor (Fqj = — -Fjq = —Ei, and Fij = —Fii = etj^B^), and the 7^ matrices are defined in 



the Minkowski spacetime in the form 46l |: 



7° = /3 



1 
-1 



Y = (3 a' 






a' 


; s^ = 


/ a' 


-a' 


/ 




I a 



(2) 



with E being the spin vector. The matrices a* correspond to the Pauli matrices, and satisfy 
the relation (a* a^ + a^ a') = 277*-'. Our interest is to work with curvilinear coordinates, thus, 
we need to apply a coordinate transformation ^^ = ^^ j^, and a unitary transformation 



iiziy. 



47|. In this way, the Dirac equation can 



on the wave function ip (x) = U ip' (x) 

be written in any orthogonal system in the presence of Lorentz symmetry breaking effects 

described in (TTj) as |43| 

3 



^^>^D^^ + -Y,l' 



k=l 



D,ln 



hi h2 h 
hk 



tfj - gb'' F^y (x) 7''?/' = m%l), 



(3) 



where D^ = -r-dn is the derivative of the corresponding coordinate system, and the pa- 



rameter hk correspond to the scale factors of this coordinate system 47|]. For instance, the 
line element of the Minkowski spacetime is writing in cylindrical coordinates in the form: 
(is^ = —dt'^ + dp"^ + p^dif^ + dz^\ then, the corresponding scale factors are h^ = 1, hi = 1, 
/i2 = p and /i3 = 1. Moreover, the second term in ([3]) gives rise to a term called the spinorial 



connection F^ (x) 18|, |l9|, |42|, |43|, |47|, |48|]. In this way, the Dirac equation (in cyhndrical 
coordinates) in the Lorentz symmetry violation background described by the nonminimal 
couphng ([T]) is given by [43 1 



(/ih -^ —f—r—f 

i—- = mp-il) + a ■ 71 — g b^E — g [b x B 

C/6 



ip + gb ■ Eip, 



(4) 



— |S^. Note that we can define an effective potential 



where Hk = ~idk — iTk and r^^ 

vector y4eff = b^E + (b x B) in such a way that there exists an effective magnetic field given 

by 



B. 



eff 



Vx 



b^E+ ibx B 



(5) 



Now, we are able to discuss the relativistic Landau-He-McKellar-Wilkens quantization in 
a Lorentz symmetry violation background. First of all, we consider a space-like fixed vector 
and a field configuration given by 

l3 ^.. f) -^mP 



b = b'z- B=-^p, (6) 

where Am corresponds to a magnetic charge density J8|, [l7|, and the vectors z and p cor- 
respond to the unit vectors in the z-direction and the radial direction, respectively. Note 
that, based on the Lorentz symmetry violation background (|6]), we can consider the electric 
dipole moment of the neutral particle as d = gb, then, we have an effective potential vector 
^eff ~ [b X B] which is analogous to the effective potential vector given in the nonrelativis- 
tic regime in [81] , and in the relativistic regime in 17|, |l8| . We also have that the external 
magnetic field given in ([6]) produces no torque f = d x E on the analogue of the electric 
dipole moment d = gb, satisfies the electrostatic conditions, and yields an uniform magnetic 
field along the z direction given by B^s = 'Vx(bxB]= Am b^ z. Hence, all condition 
for achieving the relativistic Landau-He-McKellar-Wilkens quantization are satisfied in the 
Lorentz symmetry violation background ([6]). In the following, we solve the Dirac equation 
dl]) by using the definitions given in (|6]), and write Eq. (^ in the form: 



dt 



m(3ip — ia^ 



d_ 1_ 
'd'p^Yp 



V-i—T. la — pa i). 

p dip oz 2 



We can write the solution of the Dirac equation (jTj) in the form: ip = e 



-lEt 



(7) 
x) , where 



(p and X are two-spinors. Substituting this solution into ([7]), we obtain two-coupled equation 
for (p and x- The first coupled equation is 



1 



{£ — m) 



—la 



dp 



la 



2p p dip 



. 3 d gXJr" 2 



X, 



(8) 



and the second coupled equation is 



1 



X 



dp 2p P d(f dz 2 



.1^ 



1 



(9) 



{8 + m] 
Substituting x i^ © into ([8]), we obtain the following second-order differential equation: 

o^ o Bo Ao^ o^ difP' o^ Bin Bz"^ 

(10) 



{£^-m') 



Bp^ p Bp 4p2 p^ Bif"^ p^ Bif) Bz"^ 

1,3X2 



+ ig^mb TT- 



gXmb^ 3 , , (gXmb^ 



a^(p + 



p% 



B^ 2 ' ' ' 4 

We can see in flTOj) that (p is an eigenfunction of a^, whose eigenvalues are s = ±1. Thus, 



we can write a" 



±(j)s = scps- We can see that the operators Pz = —iB^ and J^ 



-iB^ 

[47l | commute with the Hamiltonian of the right-hand side of ( fTOj) , therefore we can write the 
solution of (TTUj) in terms of the eigenvalues of the operator p^ = —iBz, and the 2;-component 
of the total angular momentum J^ = —iB^ 53| : 



0, = e<'+^>e^'=^a(p), 



(11) 



where / = 0, ±1, ±2, . . . and fc is a constant. Substituting ( ITT|) into the Schrodinger-Pauli 
equation (TTOl) . we obtain 



.// ,1^/ ^s 



2 a^ 



p p 

where we have defined the parameters: 



Gg + —Ccg 2 '^ — a' P ** "'" ^* '^ ~ ^' 



1 



^s = / + - (1 - s) ; 
Ps = S'^ — m'^ — k^ + a i>s + sa, 
a = gXmb^. 



(12) 



(13) 



Our next step is to make a change of variables given in the form: t] = ^ p . In this way, 



the radial equation (fT2l) becomes 



Ar] 4 2a 



(14) 



In order to obtain a regular solution at the origin, we can write the solution of the second 
order differential equation (iT4l) in the form: 



G,{i]) =e 2 7] "^2 Ms {i]) . 



(15) 



Substituting (fT5|) into (fT^ . we have 

f] M'J + [\us\ + I - V] M'J + 



2a 



2 



M, = 0. 



(16) 



The second-order differential equation (fT6l) is called in the literature as the Kummer equation 
or the conffuent hypergeometric equation 49|. The function Mg (r/) corresponds to the 
Kummer function of first kind which is defined as 



M, (ri) = M 



2 2 



^^' \ 111 

2a 



(17) 



In order to obtain a finite radial wave function, we must impose the condition where the 
confluent hypergeometric series becomes a polynomial of degree n (where n = 0, 1,2, . . .). 

-n. By taking the parameters defined in (IT3l) . we have 



This occurs when 2 "I" 2 ~ ^ 



S, 



n, /, s 



'm'^ + k^ + 2g\rr,h^ 



2 2 2^ ' 



(18) 



The relativistic energy levels given i n (T8l) correspond to the relativistic Landau levels 
for the He-McKellar-Wilkens system [8|, |45| based on the Lorentz symmetry violation back- 
ground. This analogue of the Landau quantization could be achieved by assuming that a 
Lorentz symmetry violation background defined by a fixed space-like vector field in the z 
direction and the radial magnetic field produced by a magnetic charge density as suggested 
in Ref. J8j. Note that a change in the Lorentz symmetry violation scenario produces a 
change in the direction of the electric dipole moment or does not allow us to define the 
electric dipole moment for a Dirac neutral particle (for instance, if we have a fixed time-like 
vector h^ = (6°, 0,0,0)) [19|. In both cases, the relativistic Landau-He-McKellar-Wilkens 
quantization cannot be achieved via Lorentz symmetry breaking effects. 

Moreover, we can also obtain the nonrelativistic limit of the energy levels (TT8|) by applying 
the Taylor expansion up to the first-order terms. Thereby, the Taylor expansion yields 



EnJ^ rn + 



g>^mb^ 



m 



n+^- — + -1 + S 
2 2 2^ ' 



+ 



2m' 



(19) 



where the first term of the right-hand-side of Eq. fITIJl) corresponds to the rest mass of the 
neutral particle. The remaining terms of ( 1T9l) correspond to energy levels of the nonrela- 
tivistic Landau-He-McKellar-Wilkens quantization based on the Lorentz symmetry violation 
background. 
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III. COULOMB-LIKE POTENTIAL INDUCED BY LORENTZ SYMMETRY 
BREAKING EFFECTS 



In this section, we solve the Dirac equation exactly in a background having a Coulomb- 
like potential induced by effects of the Lorentz symmetry breaking. Now, let us consider a 
fixed space-like vector field and a uniform magnetic field given by 



b = b p; B = Bqz, 



(20) 



where p and z correspond to unit vectors in the radial direction and z direction, respectively. 
Note that the presence of this uniform magnetic field and the choice of a fixed space-like 
vector field being parallel to the radial direction gives rise to a new possible scenario for 
the measurement of the Lorentz symmetry breaking. In a recent work 43|], a Coulomb-like 
potential is yielded in the nonrelativistic limit of the Dirac equation by a term which plays 
the role of a scalar potential. This scalar potential arises from the interaction between a 
radial electric field and a fixed space-like vector field in the radial direction. In the present 
case, we show that a Coulomb-like potential is induced by Lorentz symmetry effects in the 
radial equation through the term g (b x Bj, which acts on the neutral particle as a vector 
potential. In the following, we show that the Dirac equation can be solved exactly in the 
Lorentz symmetry violation background defined in f l2Up . and relativistic bound states can be 
achieved in analogous way to having a Dirac equation under the influence of a Coulomb-like 
potential. Hence, the Dirac equation describing the interaction between a spin-half neutral 
particle and a uniform magnetic field in the Lorentz symmetry violation background becomes 






m[3 Tp — ia^ 



\ d 


1 " 


2p\ 



tp -I — la''—- + gbBo a ip. 

p Oif oz 



(21) 



Again, we can write the solution of the Dirac equation ( 12T|) in the form: ip = e~*^* (0 x) > 
where and x are two-spinors. Substituting this solution into ( l2T]) . we obtain two-coupled 
equation for and x- The first coupled equation is 



{S — m) (f) ■ 
and the second coupled equation is 
{S + m)x■ 



la la I—- ^0^ ^- + gbBa a 

op 2p P uLp oz 



X, 



(22) 



. 1 5 , 1 1 o^ d . n d , „ 2 

-la la I—- la —- + gbBo a 

op Ip p Oip oz 



(23) 



By eliminating x iii (123]) and substituting it into (1221) . we obtain the following second- 
order differential equation: 

^ ' dp^ p dp 4p2 p2 ^^2 p2 ^y, 

By following the steps from Eq. fITOl) to Eq. flT3l) . we have that </)s given in flTTj) is also 
a solution for Eq. (|24l) . but the function Gs (p) becomes the solution of the following radial 
equation: 

1 2 s: 

G'i + -Gl - ^G, - -G, + C'G. = 0, (25) 

P P P 

where we have defined the parameters in fl2^ : 

z/, = / + - (1 - s) ; 
6 = 2ghB^v, + s(765o; (26) 

(2 = £:2 _ ^2 _ ^2 _ ^g^j^^^2 

Now, let us discuss the asymptotic behavior of the radial equation ( l25l) . For p — )• oo, we 
have 

G;' + C'G, = 0; (27) 

thus, we can find either scattering states [Gs = e*^'') , or bound states {Gg = e~'^P) if we 
consider (^^ = — r^ [50|. Note that the fourth term of the left-hand- side of Eq. fl25|) arises 
from the effects of the Lorentz symmetry breaking, and plays the role of a Coulomb-like 
potential. Our interest in this work is to obtain bound states, thus, the term proportional to 
5 behaves like an attractive potential by taking negative values of 5, that is, by considering 
(5 = — |5| [50]. This is possible for (? < and So > (we consider h being always a positive 
number) or (7 > and Bq < 0. Hence, both these choices yield an analogue of an attractive 
Coulomb potential. Thereby, we consider (^^ = — r^ and 5 = —\S\ from now on, and we 
rewrite Eq. (I25l) in the form: 

G'l + -G's - 4g's + - G, - r' Gs = 0. (28) 
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Next, we make a change of variables given by r = 2rp, then, the radial equation ( 128|) 
becomes 

G': + -G',-^Gs + ^Gs~]Gs = 0. (29) 

In order to obtain a regular solution at the origin for the second-order differential equation 
(J29l) . we can write 

^.(r) = e"5rl''=lM, (r). (30) 

Substituting (!30l) into fl29l) . we obtain the second-order differential equation: 



rM; + [2|i^,| + l-r]M; + 



2r ' " 2 



M, = 0. (31) 



The second-order differential equation (!3T!) is known in the literature as the Kummer 
equation or the confluent hypergeometric equation [49|]. The function Ms (r) corresponds to 
the Kummer function of first kind which is defined as 

Ms (r) = M (\us\ + ^ - ^> 2 \us\ + l,r\. (32) 

In order to obtain a finite radial wave function, we must impose the condition where the 
confluent hypergeometric series becomes a polynomial of degree n (where n = 0, 1,2, . . .). 
This occurs when |z/s| + | — ^ = —n. In this way, with (— t^) = <£^^ — m^ — k"^ — (gbBo) , we 
obtain 



2 [2gbBoUs + sgbBo 



2 



Sn,i = \m^ + k^ + {gbBoY - '' ^ ' \ " ■ (33) 

4:[n+ \i^s\ + 1/2J 

Hence, we have that the energy levels fl33l) correspond to the relativistic energy levels 
for a neutral particle under the influence of a Coulomb-like potential induced by Lorentz 
symmetry breaking effects. We have seen that this Coulomb-like potential is produced by 
a different Lorentz symmetry violation scenario in relation to that of the previous section. 
In this case, the Lorentz symmetry violation scenario is defined by a fixed space-like vector 
parallel to the radial direction. Thereby, by considering the presence of a uniform magnetic 
field along the ^-axis, we have seen that the Dirac equation can be solved exactly, and 
relativistic bound states analogous to having a Dirac neutral particle under the influence of 
an attractive Coulomb potential can be obtained. 

11 



Finally, we can obtain the nonrelativistic limit of the energy levels ( 133|) by applying the 
Taylor expansion up to the first-order terms. Then, the Taylor expansion yields 



^m [n+\iys\ + l/2f 2m 2m' 



g„, ^ m - 3^ ^"^^""°, - ^;^^';:;;j +^^^g^ + 7^, (34) 



where the first term of the right-hand-side of Eq. (1M|) corresponds to the rest mass of the 
neutral particle. The remaining terms of fl34|) correspond to the nonrelativistic energy levels 
for a neutral particle under the influence of a Coulomb-like potential induced by the effects 
of the Lorentz symmetry violation background. 

IV. CONCLUSIONS 

In this work, we have discussed the relativistic Landau- He-McKellar-Wilkens quantization 
induced by Lorentz symmetry breaking effects. This analogue of the Landau quantization 
is achieved by considering an electric dipole moment defined in terms of a fixed space-like 
vector field in the z direction and the radial magnetic field suggested in Ref. [8|, produced 
by a magnetic charge density. From this scenario, we have seen that the electrostatic con- 
ditions, the absence of torque on the electric dipole moment, and the presence of a uniform 
effective magnetic field are satisfied, therefore the relativistic Landau-He-McKellar-Wilkens 
quantization based on this Lorentz symmetry violation scenario can be obtained. 

We have also seen, by changing the Lorentz symmetry violation scenario, that we can 
discuss the behaviour of a Dirac neutral particle under the influence of a Coulomb-like 
potential induced by Lorentz symmetry breaking effects. In this case, we have considered a 
Lorentz symmetry violation scenario given by a fixed space-like vector parallel to the radial 
direction and the presence of a uniform magnetic field along the z direction. Hence, we have 
shown that the Dirac equation can be solved exactly in this new Lorentz symmetry violation 
scenario, and relativistic bound states for a Dirac neutral particle under the influence of a 
Coulomb-like potential (induced by Lorentz symmetry breaking effects) can be achieved. 

The problem of detecting Lorentz violating effects at low energies (until the electroweak 
unification scale) is that the modulus of the 4- vector background is very tenuous. Therefore, 
what has been made in recent years is to establish limits of energy in which this breaking 



can or cannot be seen 38N41|. 



An interesting point of discussion that deserves to be commented is the recent studies of 

12 



Dirac-like systems, which have attracted a great deal of attention 20|, l5l|, l52] • As example, 
the Landau quantization has been discussed in graphene [Slj in the presence of topological 



defects 



20| . and a model for confining a Dirac particle in a two-dimensional quantum ring 



and a quantum dot has been proposed in [52]. Based on the discussion about the influence 
of Lorentz symmetry breaking effects on the hydrogen atom 33|] and geometric quantum 



phases 



38 



39 



42 



44| . Dirac-like systems 



20 



51 



52| can open new possible scenarios of 



studying Lorentz symmetry breaking effects. 
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